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Abstract
Classical-particle trajectories are calculated for the static Einstein universe without requiring that
the 3-space be closed and curved. Freely-moving test particles are found to return to their starting
positions because of strong gravitational-field effects. Possible implications for the underlying
(quantum) theory of gravity are briefly discussed.
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I. INTRODUCTION
In the decades leading up to the construction of the standard model of elementary particle
physics, the idea was explored that gravity could also be viewed as a (spin–2) gauge field
theory in Minkowski spacetime. A selection of original articles/lectures is given in Refs. [1–7]
and a selection of related textbook discussions in Refs. [8–10].
The conclusion reached was that there is no fundamental difference between this flat-
spacetime gauge-field-theory point of view and the standard geometric point of view (the
one adopted by Einstein [11, 12]). See, e.g., Sec. 8.3 of Ref. [4] and Box 18-1 of Ref. [10].
However, the naive question arises as to how the flat-spacetime approach would be able
to describe, for example, a closed cosmological model. Veltman and the present author
addressed this puzzle some time ago [13] but did not reach a definite conclusion, because
two contradictory results were obtained for the particle trajectories. Now, this contradiction
has been resolved with the realization that the first of these results does not apply globally,
whereas the second does.
We describe the outcome of this simple (and even trivial) calculation in Secs. II–V. At
the end of this article, in Sec. VI, we point out that the result may be especially relevant if
gravity is not fundamental but emergent.
II. GRAVITY
As explained in the Introduction, the starting point is the suggestion [1–7] that gravity is a
non-Abelian gauge field theory of a massless spin–2 field hµν(x) defined over flat Minkowski
spacetime, just as the electromagnetic and strong interactions of the standard model are
non-Abelian gauge field theories of spin–1 fields over Minkowski spacetime. In short, this
description of gravity does not rely on the curved-spacetime concept.
Purely for convenience, define
gµν(x) ≡ ηµν + hµν(x) , (1a)
where ηµν is the Minkowski metric, here taken as
ηµν = diag(−1, −1, −1, +1) . (1b)
A finite gauge transformation with parameters ξκ(x) then transforms the spin–2 field hµν(x)
contained in gµν(x) and a generic scalar field φ(x) as follows:
gµν
(
x
) → ∂ξκ
∂xµ
∂ξλ
∂xν
gκλ
(
ξ(x)
)
, (2a)
φ
(
x
) → φ(ξ(x)) . (2b)
For the gravitational coupling of matter, gauge invariance effectively plays the role of the
equivalence principle (cf. the last paragraph of Sec. 13 in Ref. [7]). In fact, the invariant
action (units 8πGN = c = 1) reads
A =
∫
R4
d4x
[− 1
2
√
g(x)R(x) +
√
g(x)Lm(x)
]
, (3)
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with the density g(x) given by the determinant of the 4 × 4 matrix (1a) and the kinetic
term R equal to the Ricci “curvature” scalar in terms of the “metric” (1a). Note that the
spacetime integral in (3) is always over R4.
The standard geometric point of view (developed by Einstein [11]) is that there exist
rigid measuring-rods and perfect standard-clocks in a curved space-time with line-element
ds2 = gµν dx
µdxν . The alternative point of view (discussed by Feynman [4], for example) is
that the rods and clocks are deformed by a gravitational field hµν(x) defined over Minkowski
spacetime. Feynman [4] and Misner–Thorne–Wheeler [10], amongst others, conclude that
there are no important differences between these two points of views.
Expanding on these somewhat abstract discussions, we adopt a pragmatic approach and
consider the trajectories of a classical test particle, in particular, the paths in a “closed”
universe.
III. EQUATION OF MOTION
As pointed out by Einstein and Grommer (1927), it is possible to obtain the motion
of a classical particle already from the gravitational field equations; see, e.g., Sec. 20.6 of
Ref. [10] and Sec. 11.1 of Ref. [14] for further discussion and references. A simple derivation
of the equation of motion of a classical test particle with position xp then starts from energy-
momentum conservation,
T µν;ν = 0 . (4)
Consider dust particles with
T µν = ρ0(x) u
µ(x)uν(x) , (5a)
uµ =
dxµ
ds
, uµuµ = 1 . (5b)
It now follows that [14]
d2xµp
ds2
+ Γµκλ(xp)
dxκp
ds
dxλp
ds
= 0 , (6a)
with the standard affine connection given in terms of the “metric” (1a), its inverse, and its
derivatives,
Γµκλ ≡
1
2
gµν
(
∂gνκ
∂xλ
+
∂gνλ
∂xκ
− ∂gκλ
∂xν
)
. (6b)
The equation of motion (6a) is better known as the “geodesic equation,” here with quotations
marks because we do not adopt a geometric point of view (or, at least, do not start from it).
Equation (6a) is form-invariant under gauge transformations,
gµν(x) → ∂ξ
κ
∂xµ
∂ξλ
∂xν
gκλ(ξ) , (7a)
xµp → ξµ(xp) , (7b)
as long as the gauge parameter ξκ = ξκ(x) is an invertible function.
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IV. RW UNIVERSE: k = 1 CASE
For definiteness, consider a specific gravitational background field corresponding to the
Robertson-Walker (RW) metric [14, 15] with constant positive “curvature” of the spatial
hypersurfaces (k = 1 in the standard terminology). With Cartesian coordinates xi of the
3-space and the cosmic scale factor a = a(t), the gravitational background field (1a) is given
by
gµν(x
1, x2, x3, t) =

0
−a(t)2 g˜ij(x) 0
0
0 0 0 1
 , (8a)
g˜ij(x
1, x2, x3) =
(
1
1 + k |~x|2/4
)2
δij , (8b)
k = 1 . (8c)
There are no singularities in (8) and one coordinate patch suffices for |~x| <∞. Note that the
spatial coordinates xi are dimensionless and the cosmic scale factor a(t) has the dimension
of length, just as the cosmic time coordinate t (recall c = 1).
It is, then, easy to evaluate the equation of motion (6a) using
Γioj =
a˙
a
δij , Γ
0
ij = a˙ a g˜ij , Γ
i
jk = Γ˜
i
jk , (9)
where the overdot stands for differentiation with respect to t and Γ˜ijk is the 3-dimensional
version of (6b) for the metric (8b). The results for the 3-dimensional trajectories (du2 =
g˜ij dx
idxj) are as follows:
d2xi
du2
+ Γ˜ijk
dxj
du
dxk
du
= 0 , (10a)
(
dt
du
)2
= a2 + const . (10b)
It suffices for our purpose to consider the static Einstein universe [12] with a pressureless
perfect fluid as matter component and a cosmological constant Λ > 0 (units 8πGN = c = 1):
a = 1/
√
Λ , (11a)
ρm = 2Λ , (11b)
Pm = 0 , (11c)
which solves the reduced Einstein field equations, i.e., the standard Friedmann equations
obtained by inserting the expressions (9). [A similar discussion holds for the global de Sitter
metric (cf. Sec. 16.3 of Ref. [15]), which is also given by (8) but now with the time-dependent
scale factor a(t) =
√
3/Λ cosh(
√
Λ/3 t).]
From (10b) and (11a), we have u ∝ t, depending on the initial velocity of the particle,
and we only need to solve for the 3-dimensional orbits from (10a).
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V. ORBITS IN FLAT SPACE
Consider, first, the 2-dimensional case by taking the x3 = 0 slice of the space manifold
R
3. Next, change the remaining two coordinates as follows:
θ = π − 2 arctan
(√
(x1)2 + (x2)2
2
)
, (12a)
φ = arctan
(
x2
x1
)
, (12b)
which gives the following expression for the 2-dimensional metric:
a2 g˜ij dx
idxj = a2
(
dθ2 + sin2 θ dφ2
)
, (12c)
where the indices i, j are summed over 1 and 2. From the expression (12c) we are led to
the following mathematical trick : the 2-dimensional gravitational field from (8b) can be
interpreted as the metric on a 2-sphere with radius a. See Fig. 1, where r is the radial
coordinate from the point O in the plane and φ (not shown) is the azimuthal angle.
It is now easy to obtain the orbits in the flat 2-dimensional space [15]: they are simply the
projections of great circles on the sphere (each with a pole N′ having spherical coordinates
θ = α, φ = β; see Fig. 2). The resulting orbits in the plane turn out to be circles with the
following center positions and radii:(
r, φ
)
center
=
(
2 a tanα, β
)
, (13a)
lradius =
2 a
cosα
. (13b)
N
r
a
a
θ
O
Figure 1: Coordinates for the physical plane and the auxiliary sphere, see main text.
N N'
O
α
Figure 2: Mathematical construction of the particle trajectories in the plane, see main text.
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Figure 3: Selected particle trajectories in the static Einstein universe (11) with Λ = 1.
These trajectories can be obtained mathematically by projecting great circles with polar
angle α = (0, 1, 2, 3, 4− 0+) × π/8 as defined in Fig. 2 or by directly solving the equation
of motion (10a) with appropriate boundary conditions. Further trajectories are obtained
by reflection x1 → −x1.
A “straight” path along the x2 axis, for example, is obtained by considering a particular
great circle in Fig. 2, which passes through O (i.e., α = π/2) and is traversed many times
in the same direction. The corresponding particle motion in the plane (i.e., the real space
according to our point of view) then always passes O from the same direction,1 because the
path “closes at infinity,” where g˜ij = 0. Indeed, consider a great circle with α = π/2 − ǫ
and let ǫ → 0+. In the plane, this gives a path along the x2 axis closed by a particular
semi-circle “at infinity” (the other semi-circle occurs for ǫ→ 0−). The behavior is shown in
Fig. 3, where the circle segments in the plane get closer and closer to the x1 = 0 line as α
increases towards the value π/2.
Let us emphasize that the particle trajectories of Fig. 3 are the paths taken by classical
test particles in the real physical flat space (here, the slice x3 = 0): all previous discussions
of great circles and projections are purely mathematical short-cuts. The same paths follow
directly from the equation of motion (10), starting at, for example, (x1, x2) = (0, 2) and
having initial velocities directed towards the upper right or the lower left in Fig. 3.
Several remarks are in order. First, the orbits for the 3-dimensional case lie in the plane
defined by the initial position ~xstart and the initial velocity ~vstart. In that plane, the discussion
is the same as for the 2-dimensional case. We continue, therefore, with the 2-dimensional
case.
1 An earlier result (Part I of Ref. [13]) suggested that the particle would return to the starting point from
alternating directions. But, as mentioned in the Introduction, we now realize that this is not the case,
because that particular solution of the equation of motion does not apply at the boundary of the coordinate
patch used.
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Second, all orbits (13) have the same proper length 2πa, as follows from the identifica-
tion (12c) and the construction of Fig. 2. The orbits cross because of tidal effects of the
gravitational field.
Third, the “center of the universe” O in the plane of Fig. 2, around which the particles
circle, is a gauge artifact. A gauge transformation (7) with ξµ(x) = xµ + bµ moves it to an
arbitrary position,
xµ = 0 → ξµ(0) = bµ , (14a)
and corresponds to an isometry,
gµν(x) → g′µν(ξ) = gµν(ξ) . (14b)
The reader is referred to, e.g., Sec. 13.1 of Ref. [9] for a general discussion of isometries.
Fourth, any circle in the 3-space with metric (8b) and (8c) has the following ratio of
proper distances:
dcircumference
dradius
= 2π
sin(dradius/a)
dradius/a
. (15)
From the flat-spacetime point of view discussed in the penultimate paragraph of Sec. II, the
behavior (15) is interpreted as being due to changing measuring-rods (cf. the bug on the hot
plate in Figs. 42-2 and 42-12 of Ref. [8]) rather than having a curved space with constant
measuring-rods (cf. Sec. 3 of Ref. [11]).
VI. CONCLUSION
The 3-space of the static Einstein universe (ρm = 2Λ > 0 and Pm = 0) can be considered
to be flat (M3 = R
3) and to have gravitational fields which become strong far out (hij →
δij for |~x| → ∞), shrinking the measuring-rods and making the physical distances vanish
at “infinity.” This effectively turns R3 into S3 and there is, to paraphrase Wheeler [16],
“topology without topology.” A simple calculation thus provides an example of how flat
space can mimic a closed space, by having particles return in a finite time due to strong
gravitational fields.
For classical gravity there is apparently no difference between the geometric and gauge-
field-theory interpretations, but, most likely, this does not hold at the quantum level. Indeed,
already for quantum field theory without gravity (GN = 0), it matters if M3 equals R
3 or
S3, as exemplified by the so-called CPT anomaly (a boundary-condition effect for chiral
gauge theories) which is present for the 3-torus T 3 ⊂ R3 but not for the 3-sphere S3 [17]. A
fortiori, it may turn out to be important for a future theory of “quantum gravity” that the
empty spacetime to be quantized is flat and topologically trivial. The physical (quantum)
vacuum is, of course, known to be far from empty and the cosmological constant problem
still requires a solution.
In this respect, it is to be noted that the discussion of the present article is directly relevant
to an emergence scenario for the origin of gravity [18–21], which suggests a compensation-
type solution of the cosmological constant problem [22]. More specifically, the present article
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corrects a previous statement (last paragraph in Ref. [23]), which claimed that the existence
of a spatially closed universe would rule out the hypothesis of gravity emerging from flat
spacetime. It is now clear that spacetime may “really” be flat and still “appear” to be closed
(cf. Fig. 3). In turn, this implies that an emergence origin of gravity is not ruled out by a
geometric argument.
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